We revisit a set of symplectic variables introduced by Andre Deprit (Celest Mech 30, [181][182][183][184][185][186][187][188][189][190][191][192][193][194][195] 1983), which allows for a complete symplectic reduction in rotation invariant Hamiltonian systems, generalizing to arbitrary dimension Jacobi's reduction of the nodes. In particular, we introduce an action-angle version of Deprit's variables, connected to the Delaunay variables, and give a new hierarchical proof of the symplectic character of Deprit's variables.
Deprit's reduction of the nodes
In 1983 Andre Deprit introduced a new set of symplectic variables particularly suited to describe the phase space of Hamiltonian systems having rotational symmetries. The construction of Deprit may be viewed as a full extension to arbitrary numbers of degrees of freedom of Jacobi's reduction of the nodes for the three-body problem (Jacobi 1842). But in contrast with Jacobi's celebrated result, Deprit's variables seem to be not well known 1 and often believed to be unpractical [as mentioned by Deprit himself (Deprit, 1983, p. 194) Chierchia and Pinzari (2010a,b) .
Our presentation differs from that of Deprit in two respects. First we introduce actionangle variables (which are related to Delaunay's action-angle variables), while Deprit uses polar symplectic variables (compare (7) below); similarly to Delaunay's variables, our actionangle variables are particularly suited to describe planetary models. Secondly, we provide a different proof (presented in §2) of the symplectic character of the variables: such a proof is inductive on the number of dimensions and makes more transparent the hierarchical nature of Deprit's variables.
It has to be remarked that the action-angle version of Deprit's variables (as introduced below) may be defined only for osculating Keplerian orbits which lie on ellipses; on the other hand, Deprit is able to define his original variables on an open set of full measure of the global phase space. This is a minor technical point: using "energy-time" symplectic variables (i.e., giving up normalizations of the coordinates) one can easily generalize our symplectic construction to an open set of full measure of the global phase space; see Appendix 3.1.
We conclude the paper (Appendix 3.2) by comparing, in the n = 2 case, with Jacobi's reduction: we show how, for n = 2, Deprit's variables may be viewed as an "unfolding" of Jacobi's reduction, making more precise the statement that Deprit's variable extend to arbitrary dimensions Jacobi's reduction of the nodes.
More comments and remarks are made at the end of this section.
To define Deprit's variables on the phase space P 6n (specified below), fix 2n positive "mass parameters" M i ,m i and consider the two-body Hamiltonians
where (y (i) , x (i) ) are Cartesian variables in R 3 ×R 3 * := R 3 ×(R 3 \{0}), endowed with the standard symplectic form n i=1 dy (i) ∧ dx (i) . Assume that the Hamiltonian flow φ t h i (y (i) , x (i) ) evolves on Keplerian conics E i with eccentricity e i = 0.
In our presentation we will focus on the case h i < 0 for all i (corresponding to osculating ellipses), but the formulae can be easily extended to any energy, as explained in Appendix 3.1 below.
Let a i , P i denote, respectively, the semimajor axis and the perihelion of the ith ellipse E i and let i be mean anomaly of x (i) on E i .
Define, now, (n + 1) nodes ν 1 , ν 2 , . . . , ν n+1 as follows. Put
In particular, C := S (n) = 1≤ j≤n C ( j) is the total angular momentum. Assuming that the couples of vectors (S (i+1) , C (i+1) ), (C, k (3) ) are independent, put
